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First-Order-Theory-Based Thermoelastic Stability
of Functionally Graded Material Circular Plates

M. M. Najafizadeh*
Islamic Azad University, 14515-775 Tehran, Iran

and

M. R. Eslami
Amirkabir University of Technology, 15914 Tehran, Iran

Thermal buckling of circular plates made of functionally graded material is discussed. The nonlinear equilibrium
and linear stability equations are derived using variational formulations. The thermal buckling of solid circular
plates under uniform temperature rise, gradient through the thickness, and linear temperature variation along
the radius are considered, and the buckling temperatures are derived. The buckling temperatures are derived for
simply supported and clamped edges. The results are verified with known results in the literature.

Nomenclature

radius of plate

Young’s modulus

plate thickness

bending moment

thermal moment

in-plane force

thermal force

radial coordinate

radial and transverse displacements, respectively
axial coordinate

coefficient of thermal expansion
slope in radial direction
circumferential coordinate
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Introduction

N recent years, functionally graded materials (FGMs) have

gained considerable importance as materials to be used in ex-
tremely high-temperature environments such as the nuclear reac-
tor and high-speed spacecraftindustries.! FGMs are new materials,
microscopically inhomogeneous, in which the mechanical proper-
ties vary smoothly and continuously from one surface to the other.
This is achieved by gradually varying the volume fraction of the
constituent materials. This continuous change in composition re-
sults in the graded properties of FGMs. These novel materials were
first introduced in 1984 (Refs. 1 and 2). Typically, these materials
are made from a mixture of ceramic and metal or from a combi-
nation of different metals. The advantage of using these materials
is that they are able to withstand high-temperature gradient envi-
ronments while maintaining their structural integrity. The ceramic
constituentof the material provides the high-temperatureresistance
due to its low thermal conductivity. The ductile metal constituent,
on the other hand, prevents fracture caused by stresses due to the
high-temperature gradient in a very short period of time. Further-
more, a mixture of ceramic and metal with a continuously varying
volume fraction can be easily manufactured?~® This eliminates in-
terface problems of composite materials, and thus, the stress distri-
butions are smooth. FGMs were initially designed as thermal barrier
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materials for aerospace structural applications and fusion reactors.
These materials are now developed for general use as structural el-
ements in extremely high-temperature environments. A listing of
different applications may be found in Ref. 7.

Circular plates loaded in compression are often employed as
structural componentsin engineering systems. Several authors have
investigated the elastic stability of composite circular plates sub-
jected to various loadings and boundary conditions. Krizhevsky
and Stavsky? using Hamilton’s variational principle, derived the
equations of transversally isotropic, laminated, annular plates mo-
tion. Linearized vibration and buckling equations are obtained for
the annular plates uniformly compressed in the radial direction. A
closed form solution is given for the mode shapes in terms of the
Bessel, power, and trigonometric functions. Thermoelastic buck-
ling analysis of orthotropic solid circular plates based on first-order
plate theory and the Sanders assumption is given by Najafizadeh
and Eslami.’

Buckling analysis of FGM structures are rare in the literature.
Birman'® studied the buckling problem of a functionally graded
composite rectangular plate subjected to the uniaxial compression.
The stabilization of a functionally graded cylindrical shell under
axial harmonic loading is investigated by Ng et al.!! Javaheri and
Eslami presented the thermal and mechanical buckling of rectangu-
lar FGM plates based on first- and higher-order plate theories.!>~!1
The buckling analysis of circular FGM plates under radial compres-
sive load is given by Najafizadeh and Eslami.'®

The aim of the present paperis to derive the general thermoelastic
equilibrium and stability equations for circular plates made of FGM
from the energy method with the use of calculus of variations and
compatible with the theory of buckling. Then, closed-formsolutions
for the circular plates subjected to thermal loads are obtained. The
results are validated with the known data in the literature.

Analysis

Consider a circular plate of radius a and thickness 4 made of
FGM, as shownin Fig. 1. The material properties of the FGM plate,
such as the modulus of elasticity £ and the coefficient of thermal
expansion «, are assumed to be functions of the volume fraction
of the constituent materials. When the coordinate axis across the
plate thicknessis denoted by z, as seen from Fig. 1, the functional
relationshipsbetween £ and o with z for a ceramic and metal FGM
plate are assumed as'’

E=E(z)=E, + (E. — E,)[(2z + h)/2h]*

@ =a(z) = @y + (@ — )2z + h)/2h]", 1

where E,, a., E,, and «,, are the corresponding properties of the
ceramic and metal, respectively, and k is the volume fraction expo-
nent, which takes values greater than or equal to zero. The value of

V=1
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Fig.1 Geometry of circular plate made of FGMs.

k equal to O represents a fully ceramic plate. The preceding power
law assumption reflects a simple rule of mixtures used to obtain
the effective properties of the ceramic-metal plate. The power law
index k varies between 0 and infinity.!” The rule of mixtures applies
only to the thickness direction. The density of the plate varies ac-
cordingto the power law, and the power law exponentmay be varied
to obtain different distributions of the component materials through
the thicknessof the plate. Poisson’s ratio v is assumed to be constant
across the plate thickness.

The two-dimensional stress-strain law for the plane-stress con-
dition is given by

€ = [I/E(Z)](Urr - VUQQ) + C{(Z)T
€0 = [1/E(2)](099 — vo,,) + a ()T, €9 =[1/G(2)]ove
2

The plate is assumed to be comparatively thin, and according to the
Love-Kirchhoff assumptions, planes normal to the median surface
are assumed to remain plane after deformation; thus, shear defor-
mations normal to the plate are disregarded. Strain components at
distance z from the middle plane are then given by

€0 = gré) - ZZk,g

(3)
where the z axis is measured across the plate thickness from the
plate’s middle plane.Here, €,,, €49, and €, are the straincomponents
inthe median surface,andk,,, kgg, and k,4 are the curvaturesthat can
be expressedin term of the displacementcomponents. The relations
between the middle plane strains and the displacement components
according to the Sanders assumption are (see Ref. 18)

€ = €y — Zkrr» €gp = €pp — Zk99»

] AN _ldv w ] 1ow)’
= T2\G%r ) =9 T T2\ e
_ 18u+8v v+ 10w\ ow @)
€yg=——+—— = -
o r 06 or r r or ) 00
2 2
oo Pw ol 1w
or? r or r2 902
—1( *w 1 dw
kg = — + = 5
‘T (mae) r2 06 ®

When Egs. (4) and (5) are substituted into Egs. (3), the following
expressions for the strain components are obtained:

_u 1w P dw
= T2\ or “or

_lov w1 1w ’ Low
= ro 2\r a0 N\ or

lu+8v v+ 10w \ow
€p==——+ — — = -
‘T rar ) a0

0
4o —1( 8*w N 1 ow ©)
A5 \ara0) T 0

1 3w
r? 962

The total potential energy for the circular plate may be written as

1 r 2 h/2
V = 5/ / / (€/r0yr + €90090 + €,0019
0o Yo —h/2

—aTo,. —aTom)rdrdddz )

On substitution of Eqgs. (6) into Eq. (7) and integration with respect
to z from —h /2 to h /2, the total potential energy is obtained as

= € € 2 €€ vé rdrdé
V = — + —+2v + — 2
2(] UZ) 0 0 rr 06 00 2 ro

B r 2w
+— k2 + k2, + 20k, k
2(1 —v2) /U /U [, i + 2vkeckeo
s 2C r 2w
+2(1 = v)kZ |r drdo + —— [e, k., + €nokon
a—-wy ), J,

1
+ V(Errkf)f) + 699krr) + (1 - V)Erf)kré)]r drdo — 1_
—V

r 2
x / / [(€r + €00) T + Ky + ko) T, = T*]r drdo (8)
0 0

where
n/2 h/2
A=/ E(z)dz, B=/ E(z)z*dz
—h/2 —h/2
n/2 h/2
C=/ E(z)zdz, T, =/ E(2)a(z)T(z)dz

h/2 h/2

h/2 h/2

T, =/ E(2)a(z2)T(z)zdz, T* =/ E(2)e’(2)T*(z) dz
—h/2 —h/2

)]

The equilibrium equations for circular plate made of the FGM
using the Euler equations (see Ref. 18) are

1 N, — N,
Nr.r + _Nr9.9 + = 0»
r

1 2
Ny, +=Nyy+=N,y=0
r r r

a 1N N 2 82( ) B(N
— | —-Nywy +Npw, +=M,y | +—0M,)+ —(@Nw,
o \ 7 VW oW, LMo o2 o .

92 92 (1
+ N, —My)+ —CM, )+ —\|—-My; ) =0 10
oW 0) 8r86( 0) 392 (r 9) (10)

where
N, =[A/(1 =v?)][€, + vég]

+1C/(1 = v)]lky + vkgo] — T, /(1 — 1)
Ny = [A/(1 — v)][€gp + ver]

+[C/( = v)]lkes + vk, ] = T, /(1 = v)
Noo = [A/2(1 +)lerg + [C/(1 + 1)]kyg
M, = [C/(1 = v*)][é, + vég]

+[B/(1 = v)][k,, + vkeo] — T, /(1 — v)
My =[C/(1 = v?)]lew + ve,,]

+[B/(1 = v)]lkes + vk, ] = T, /(1 = v)

M, =[C/2(1 4+ v)leyo + [B/(1 +v)]kyo an
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Substitution from Egs. (11) into the third of Egs. (10), yields

1 N, — N, 1 2
Nr.r+_Nr9.9+— =Oa Nr9.r+_N9.9+_Nr9 =0
r r r r
w1 dow 10%w

Viw — Nye—a — =N, [ &2 =22
= oz r 9<8r+r892>

N —18w+182w N C 1—2v dv
"\ r2 90 ' roro T—v2\ 3 90

1 d%u 1 v 13v  3u
—_——_— - = — - —= ] =0 (12)
r29200r  r 9’rof r3 96 ar3
The stability equations are derived using the variational method.
If V is the total potential energy of the plate, the expansion of V
about the equilibrium state into the Taylor series yields

AV =8V + 187V 418V + - (13)

The stability of the plate in the neighborhood of the equilibrium
condition may be determined by the sign of the second variation of
V. The condition §2V =0 is used to derive the stability equations
for buckling problems.'®

Let us assume that u} denotes the displacementcomponentof the
equilibriumstate and du} the virtual displacementcorrespondingto
aneighboringstate. When the variation with respectto u} is denoted
by &, the following rule, known as the Trefftz rule, is stated for the
determination of the lowest critical load.!® The external load acting
on the original configurationis consideredto be the critical buckling
load if the following variational equation is satisfied:

§(82V)=0 (14)

This rule provides the governingequationsthatdetermine the lowest
critical loads. The state of stable equilibrium of a general circular
plate under thermal load may be designated by u,, vy, and wy. The
displacement components of the neighboring state are

u=ug+uy, v =g+ v, w=wy+w; (15)
where u;, v;, and w, are arbitrary small increments of displace-
ments. Substituting Egs. (15) in Eq. (8) and collecting the second-
order terms, we obtain the second variation of the potential energy,
which when applying the Euler equations, results in the stability
equations as
1 N,, — Ny,

er.r + 7Nr91.9 +——=0

r

1 2
Nygyr + 7N91.9 + 7Nr91 =0

B - N 92w, lN dw, . 19%w,
1—12 Wi a2 r 0\ o r 002

oN —1 dw, . 1 9%w, . C 1—2v vy
O\ 2 90 Ty 9ra0 T—v2\ 3 99

1—2v 9%y, . 1 0u, u;, 203%u 1 9%u,

r2 9ro@® rz2 or r3  ror: r3 962

1 9%u, 1 du, 1 33y, 1 9%y, 3w _0
r3 902 r29209r  rd*rae  rd 90 ord )

N A ou, + 10dv, + U

r = - v\ ——— -

o1 —v2| ar r 90 r

C 9w, vow, v dw
or? r or rz 962

N A U + 1 dv, + ou,
- Lo 2ou o
“Ta—vilr rae o ar
N C 1w, 1 dw, 92w,
1—v2| roar rroeer | or
N oA 18u1+8v1 vy +c 182w1+ 1 dw,
T e ar r r90dr | r2 36

N — A 8u0+ 18v0+u0
T — 2| ar ”rae r

C |: 92w v82w0i| T,
1

1—12 T2

rz 06?
A U 1 dvy ou
Nyy = Doy ooy I
é 1—v2|:r+r86+v8r

v dw,

or? r or

-V

+ C 1 awU
1—v2| roar oz o

1 du v v 190%w
Nr9o=A[__U+_U__Ui|+C[__ 0

1 82w, 82w0:| T,
1

-V

+ 1 awU
rz 96

r 00 or r r orof
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”_l—vz_ar \ 7 r 96

N B [ 8w, 1w, N 1 82w,
1—v2| or? \7or TR e

C —131)1 u; 8u1i|
—_—— + —

l=1—v2_r86 r ”ar

B [ 1w,

1—v2| r or

1 8u1 8v1 U1 1 Bwl 1 82w1
My =Cl-—+———=|+B|=— — - 17
o |:r 20 o ri|+ |:r2 ) r8r86i| (an

202 o
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Thermal Buckling Analysis
Let us consider a circular plate, in the absence of mechanical
loading, subjected to a thermal field 7= T (r, z). We also limit the
discussion to the case of polar symmetry. With this condition, the
first and third of stability equations (16), using Egs. (17), become

B & 1 (d
——V'w N ﬂ——N%( w‘)
—V

" gr2 r ?
C 1du;,  wy  2d%;  dPu _0
1—v2\r2dr 13 rdr2 dr3 )"
A d2u1 + 1 dul u;
1—v2\ dr? r dr r2
+ C d3w1 1d2w1 + 1 de -0 (18)
1 -2 dr3 rodr? r2dr )

In Egs. (18), N, and Ny, are the prebuckling thermal forces that
must be calculated. From the first of Egs. (12), we have

N9(J =rNro.r+Nro (19)
Substituting Eq. (19) into the first of Egs. (18), we find

1d d
B'Viw, ——— rN,Oﬂ
rdr dr

+c(i%_ﬂ_2%_d3"1)=o (20)

r? dr r3  r dr? dr3
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where
B' = B/(1 —v?), C'=C/1 -1 21

The prebuckling force-displacementrelations from Eq. (17) based
on the membrane plate theory are'®

N A duU + Up Tm
ro — - V— | — 77—/
0 1—v2| dr r 1—v
A Up duU Tm
N, = —+v— |+ — 22
o 1—v2|:r vdri| 1- 22

Substituting Egs. (22) into the first of the equilibriumequations(12)
yields

=0 (23)

l—vzrdr2 Fr 1—v

A [ dzug dug M(Ji| Tm_,

When the temperature is a function of thickness of the plate, or in
the case of uniform temperature rise, we have

T,, =0 (24)
Substituting into Eq. (23) gives

duy 14
ST ) (25)

dr? r dr r2

Solution of Eq. (25) is

Uy = cr +C2(l/r) (26)

When a solid circular plate is considered with the following bound-
ary conditions:

uy = finite at r=0, ug=0 at r=a 27)
the constants of integration ¢; = ¢, =0, and from Eq. (26),
uy =0 (28)
Therefore, from Eqgs. (22) we have
Ny = Noy = T, /(1 —v) = =N, (29)

Thus, for solution of the stability equation, the following set of
coupled stability equations must be considered:

N d’u, N 1du, u
dr? r dr r2

+C/ d3w1 ld2w1 + 1 dwl -0
dr3 r dr? r2 dr )

L C 1 duy  uy  2d%; d*u _0 (30)
r? dr r3 r dr? a3 )
where
A= A/(1—1?), B =B/(1-1?
C'=C/(1-v? (31)
Calling
dw, d?w, dY dBw, d¥Y
— _vy, —_— = —_— (32)
dr dr? dr dr3 dr?

and substituting Eq. (32) into the first of stability Eq. (30), we find

r2q" +rq —q=0 (33)

where
q=Au —-CY (34)

Solution of Eq. (33) gives

1 d
q =c‘3r+c4(—> = A'u, —c (35)
r dr

with boundary conditions

d
u1=ﬂ=0 at r=a (36)
dr

Applying the boundary conditions yields
c; =0, e, =0 (37)

Substituting Eq. (37) into Eq. (35) gives
q=0 (38)

and from Eq. (34), we have
U =—— (39)

Substituting Eq. (39) into the second of stability equations (30)
gives

D\Viw, = %(%(rN,U%> (40)
where
D, =B — P, P=C?/A (1)
From Eq. (29) we have
N,y =—NJ (42)

Substituting Eq. (42) into Eq. (40) and with one-step integration
with respect to r, we get

B +rf 4+ B —1)=0 (43)
where
dw, NT
=——1 A== 44
p dr D, (44)

The solution of Eq. (43) is
B =csJi(Ar) + csY (Ar) (45)

where J; and Y; are the Bessel functions of first order and first and
second kinds, respectively,and c¢s5 and ¢4 are integration constants.
However, 8 =0atr =0, and Y, (0) = oco. Therefore, cs =0 and

B =csJi(ar) (46)

For the clamped edge, f =0 at r =a, where a is the plate radius.
Therefore,
Ji(x) =0, X =\a 47)

and thelowestcritical thermalloadis expressedintermsof x; = A, a,
the first zero of the Bessel function of first kind and order one, as

ra =3.831 (48)
Using the value of Aa and substituting into Eqs. (44) gives

NI = 14.68(D, /a?) (49)
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From Eq. (29) for the case of uniform temperature rise, the thermal
buckling load of the clamped circular plate reduces to

T = 14.68(1 — v)(D, /a®) (50)
For the case of simply supported plate, we similarly obtain
T, = 42(1 —v)(D, /a®) (51)

To calculatethe criticalbucklingtemperaturefor the case of gradi-
entthroughthe thicknesstemperature,the one-dimensionalequation
of heat conduction in the z direction must be solved. The equation
for the temperature through the thickness is as follows:

d a7
% [k(z)d—z} =0 (52)

with boundary conditions
T=T.
atz=~h/2 and
T=T, (53)

at z=—h/2. This equation yields the temperature distribution
through the thickness of the plate for different values of the vol-
ume fraction index k. For the case of kK =2, the general solution of
Eq. (52) satisfying the the boundary conditions (53) is

T(z) = 0.461AT tanh™'[0.974(z/h + L) + T, (54)

where AT =T, — T, is the difference of the temperature between
z=—h/2 and h/2. When this temperature distribution is applied
gradually, the resulting buckling loads for clamped edge circular
plateis

T = 29.28(1 — v)(D; [a®) (55)

where, at k =2,
D) =D, (56)
For a simply supported circular plate, the thermal buckling load is
T, = 8.4(1 —v)(D; /a®) (57)

For the case of linear temperature variation along the direction of
the radius, such that

T = (AT Ja)r + Ty (58)

where AT = T, — T, the critical thermal buckling load for the
clamped circular plate with the assumption that 7o =0 is

T = 19.87(1 — v)(D, /a®) (59)

Results and Discussion

Axisymmetric stability and thermal buckling equations of a cir-
cular plate subjected to uniform temperature rise, gradient through
the thickness, and linear temperature variation along the radius were
derived in the preceding section. These types of thermal bucklings
are frequently needed in the design stage of circular plates. Thermal
buckling loads are summarized in Table 1, which were obtained by
the use of Egs. (31) and (41).

To illustrate the behavior of the derived buckling equations, an
FGM plate of aluminum and alumina is considered. The Young’s
modulus, Poisson’s ratio, density, conductivity, and coefficient of

thermal expansion for aluminum are 70 GPa, 0.3, 2707 kg/m3,
204 W/mK, and 23.0 x 1076(1/°C). For alumina, they are 380 GPa,
0.3, 3800 kg/m®, 10.4 W/mK, and 7.4 x 1076 (1/°C), respectively.
Note that Poisson’s ratio is selected to be constantand equal to 0.3.

Figures 2 and 3 show the buckling temperature T, vs the ratio
of thickness to radius /2 /a for the case of uniform temperature rise
with the simply supported and clamped supported edges for various
valuesof the volume fractionexponentk. The value of the exponentk
isvariedbetween(and 0.5, where 0 indicatesa full ceramicplateand
0.5 indicates an FGM plate. It is seen that the buckling temperature
of the full ceramic plate is higher than the FGM plate. That is, the
thermal instability of FGM plate is lower than full ceramic plate.
Figure 4 shows the bucklingtemperature T, vs the ratio of thickness
to radius /#/a for the case of linear temperature variation along
the plate radius with the clamped support edges for various values
of the volume fraction exponent k. For this case, it is observed
that, as the values of k are decreased, the buckling temperatures are
increased.

Figure 5 shows the variation of the temperature through the thick-
ness of the aluminum-alumina plates for various values of the vol-
ume fractionexponentk. The temperature distribution was obtained
by solving the one-dimensional heat conduction equation through

Ter

400

k=0
300 ~.
=05 k=02 >/
200 k 05\%
100 %

801002 o004 006 008 04
hla

Fig. 2 Buckling temperature vs ratio i/a for simply supported plate
and uniform temperature rise.
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1388 k=02 e
F-1010 ) E— " . . SN )/ !
600 TN >/
400
8.01 0.02 0.04 0.06 0.08 0.1
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Fig. 3 Buckling temperature vs ratio i/a for clamped plate and uni-
form temperature rise.

T
cr
2000
k=0
1500
k=0.2 \
1000

k=0.5

o]
001 002 003 004 005 008 007 008 009 01
hla

Fig.4 Buckling temperature vs ratio i/a for clamped plate and linear
temperature along the radius.

Table1 Thermal buckling of circular FGM plate

Type of load

Simply supported

Clamped

Uniform temperature rise
Gradient through the thickness
Gradient through the radius —

T =142/ +WI(AB - C*)/Aa’]
T =18.4/(1 +WI(AB — C*)/Aa’]

T =[14.68/(1 +V)[(AB — C?)/Ad?]
T =[29.28/(1+v)][(AB — C?)/Ad?]
T =[19.87/(1 + )][(AB — C?)/Ad?]
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Table2 Thermal buckling of circular isotropic plate

Type of load

Simply supported

Clamped

Uniform temperature rise
Gradient through the thickness
Gradient through the radius

T =[4.2/12(1 4+ V)1(h /a)*(1/etc)
T = [8.4/12(1 4+ v)](h/a)*(1/etc)

T =[14.68/12(1 + v)1(h/a)*(1/ax)
Tne =129.28/12(1+ )] (h/a)* (1 /ax.)

T =[19.87/12(1 +v)1(h/a)> (1 /a.)

~
N

cuBEEBEBEBH

Q504 Q2 0 Q2 Q4 05

/h

Fig.5 Temperature distribution vs ratio z/h for gradient temperature
through the thickness of the plate.

Ier
800
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200 s v
200 X
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0.02 0.03 0.04 0.05
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Fig. 6 Buckling temperature vs ratio i/a for gradient through the
thickness temperature and k = 2.

Ter

1400
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800 \\
600

400 N
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00 08162432 4 48566472 8 8896
k

Fig. 7 Buckling temperature vs volume fraction exponent k for
clamped plate and uniform temperature rise and for h/a = 0.04, 0.08,
and 0.1.

hla=0:1
Rla=0.08 \
hla=0.04 AN \,

the thickness, by assuming that the conductivity varies according
to Eq. (1). The conduction equation was solved by imposing the
temperature boundary conditions at the top and bottom surfaces of
the plate. The result of the analysisis plottedin Fig. 5. As the ther-
mal boundary condition, the temperaturesof the top ceramic surface
was assumed to be 300°C, and the lower metallic surface was as-
sumed to be 20°C (Ref. 17). It is assumed that, at any value of the
thickness coordinate, the temperature is the same at all points in the
plane. Figure 5 shows that the temperature distribution in the FGM
plates (k =1 and 2) across the thickness, for fixed surface boundary
temperatures, are below that of a fully ceramic plate (k =0).

Figure 6 shows the buckling temperature T, vs the ratio of thick-
ness to radius //a for the case of gradient through the thickness
temperature, with the simply supported and clamped edges for value
of the volume fraction exponent k = 2. In Fig. 6, the buckling tem-
perature increases as 1 /a increases. Also, the clamped boundary
condition provides a more stable plate configuration.

Figures 7-9 represent the buckling temperature 7;, vs volume
fraction exponent k for i1 /a =0.04, 0.08, and 0.1. The value of the

TCI’
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N

N

AN
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0 1 | ] | | 1 | I ] 1 | ! i | | 13 1 | 11 | | ] |
0 08162432 4 48566472 8 88 96
k
Fig.8 Buckling temperature vs volume fraction exponent k for simply

supported plate and uniform temperature rise and for //a = 0.04, 0.08,
and 0.1.

Tcr
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1000 hja=0.04 hlia=0.08
N
500 N AY

OO 08162432 4 48566472 8 8896
k

Fig. 9 Buckling temperature vs volume fraction exponent k for
clamped plate and linear temperature along the radius and for h/a =
0.04, 0.08, and 0.1.

exponent k is varied between 0 and 10. It is seen that the buckling
temperature for the isotropic material, where k = 0, is higher than
the FGM plate. Also, as /i /a is increased, the buckling temperature
is increased, as expected.

To prove the validity of the present formulations, results were
obtained for isotropic plates and compared with existing references
in the literature. For isotropic circular plate, from Eq. 9, we have

_ER
12

n/2
C = / E(z)zdz =0, B (60)

h/2

Then, from Egs. (9) and Table 1, we find the buckling formula for
the isotropic solid circular plates as given in Table 2.

The results shown in Table 2 were previously obtained by
Najafizadeh and Eslami.’ Note that for homogeneous isotropic cir-
cular plates the critical temperatureis independentof Young’s mod-
ulus. For the FGM plates, the buckling temperatureis directlyrelated
to the modulus of elasticity £, and E,,, in addition to its dependency
on the coefficient of thermal expansion . and «, .

Conclusions

Circular plates are widely used in structural design problems.
When such a member is subjected to a thermal environment, its
thermal buckling capacity is importantin the design stage. For a de-
signengineer, the closed-formsolution for the buckling temperature
of such a member is essential because the design may be quickly
checked. In this paper, the closed-form solution for the buckling
temperature of solid circular plates under commonly practiced tem-
peraturedistributionin design are given. More complicated temper-
ature distributionin design may be expectedin circular plates under
working conditions, but the related buckling temperature may then
be obtained through numerical methods. The aim of this paper has
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been to avoid such complicated analysis and, rather, to provide sim-
ple closed-formssolutions for commonly practiced circular plate de-
sign problems. In conclusion, FGMs may present an attractive tool
for a designer. These materials can be optimized to reduce the cost
and weight of structures and to tailor their properties according to
design requirements. Note that the thermal buckling capacity of the
FGM plates is, in general, lower than those of the isotropic ceramic
plates with the similar geometries.
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